We consider the S-matrix bootstrap of four dimensional scattering amplitudes with O(3) symmetry and no bound-states. We explore the allowed space of scattering lengths which parametrize the interaction strength at threshold of the various scattering channels. Next we consider an application of this formalism to pion physics. A signature of pions is that they are derivatively coupled leading to (chiral) zeros in their scattering amplitudes. In this work we explore the multi-dimensional space of chiral zeros positions, scattering length values and resonance mass values. Interestingly, we encounter lakes, peninsulas and kinks depending on which sections of this intricate multi-dimensional space we consider. We discuss the remarkable location where QCD seems to lie in these plots, based on various experimental and theoretical expectations.
I. INTRODUCTION AND SETUP
Pions are approximate Goldstone bosons for spontaneous chiral symmetry breaking in QCD. In this Letter we study the question: Do pion scattering amplitudes take a special place in the space of consistent S-matrices?
We assume that the up and down quarks are massive and degenerate (N f = 2), a very good approximation of the physical world. 1 To wit we consider pions as particles of mass m π = 1 in the vector representation of O(3) so that their 2 to 2 scattering amplitude reads T cd ab = A(s|t, u)δ ab δ cd + A(t|s, u)δ c a δ d b + A(u|s, t)δ d a δ c b , where s, t, u = 4 − s − t are the usual Mandelstam invariants. Crossing symmetry is simply A(s|t, u) = A(s|u, t). The partial wave expansion is given by T = 3A(s|t, u) + A(t|s, u) + A(u|s, t) P 0 + (1) + A(t|s, u) − A(u|s, t) P 1 + A(t|s, u) + A(u|s, t) P 2 = 16πi √ s √ s − 4 I=0,1,2 P I (2 + 1) 1 − S (I) (s) P u − t u + t , 1 Chiral symmetry is broken not only spontaneously SU (2) L × SU (2) R → SU (2) V , but also explicitly by a mass term for the quarks. We neglect the SU (2) V violations coming from the u−d quark mass difference and the electroweak interactions hence pions are stable particles in our setup. Finally, when plugging numbers in resonance masses, scattering lengths, etc we will use real world experimental data.
where P are Legendre polynomials and P I are the (schannel) projectors onto the three possible isospin channels. (I = 0 for singlet, I = 1 for vector and I = 2 for symmetric traceless tensor). Due to the absence of bound states, we consider the following analytic and crossing symmetric ansatz [1] :
A(s|t, u) = ∞ n≤m a nm ρ n t ρ m u +ρ m t ρ n u + ∞ n,m b nm ρ n t +ρ n u ρ m s , (2) where
is a conformal mapping of the z complex plane minus the cut z > 4 to the ρ unit disk. 2 In the partial wave decomposition, unitarity reads simply |S (I) (s)| ≤ 1 for s > 4. To extract S (I) (s) we project the amplitude as usual, by multiplying by the appropriate Legendre polynomial and integrating over the scattering angle. Obviously, this is a linear operation so that all the S (I) (s) can be explicitly written as linear combinations of the constants a nm and b nm .
For numerical explorations we replace ∞ in (2) by some large number N max . Then we can simply explore the space of possible S-matrices by extremizing various physical observables subject to the unitarity constrains while making sure the values converge as we increase the cutoff N max as well as other numerical cut-offs such as the 2 Indeed, all our results are independent on the conformal mapping chosen to foliate the complex plane. Other works used conformal mappings to parametrize fixed partial wave amplitudes [2, 3] .
arXiv:1810.12849v1 [hep-th] 30 Oct 2018 number of grid points where we check unitarity and how many spins we impose it on, see [1] for details. 3 So far this is totally general and valid for any unitary relativistic quantum theory with O(3) vector particles. To zoom in on pions we need further input. A lot is known about pions as nicely reviewed in [4] [5] [6] [7] [8] and important hints can be obtained from (chiral perturbation) theory and from experiment.
First of all we have experimental data. There are clear resonances in the spin = 1 and spin = 2 corresponding to the so-called ρ and f 2 (1270) particles and a much broader resonance for spin = 0 corresponding to the σ particle. Normally, one associates these resonances to abrupt changes in the phase shift which crosses an odd multiple of π/2. A better characterization of these resonances is as zeros of the corresponding partial waves. For example, the ρ particle resonance will have a complex mass m ρ such that 4
Let us emphasize that a free theory has S (I) = 1 (and not zero!) so a resonance is quite a strong effect, very far from a free theory. At the same time, for pions, we do have two very important points located at sub-threshold (unphysical) values of s where the weak coupling conditions (often referred as Adler's zeros [10] )
hold. The same weak coupling conditions can be imposed as zeros in the corresponding partial wave amplitudes as it follows from their definition S (I) = 1 + 2i 1 − 4/s T (I) . Indeed, leading order chiral perturbation theory [11] predicts
where f π is the pion decay constant. 5 From this we read off the tree-level predictions s 0 = 1/2 and s 2 = 2. 3 In practice, we bound all the spins up to max = 20 for the highest Nmax we use. The asymptotic large-spin behaviour is also bounded. Note that our setup here is quite distinct from other treatments -based on Roy equations [4] for instancewhich typically include the very first few spins only. 4 Unitarity from 4m 2 π until the first inelastic threshold must be exactly saturated. In that range S (I) (s)Ŝ (I) (s) = 1, whereŜ stands for S in the second-sheet. This functional relation can be analytically continued everywhere. As such (3) states that a resonance corresponds to a pole in the second-sheet. A similar discussion for 1+1 dimensions is in [9] . 5 Higher loop corrections depend on the choice of constants extracted from the low energy data we want to constraint. Taking them as input would make our arguments sort of circular hence we prefer to stick to leading order here. Finally, at low energy we have the expansion of the partial wave amplitudes close to threshold
where k = s/4 − 1 is the center of mass momentum, a (I) are the scattering lengths and b (I) are the effective ranges. Since we set m π = 1, all these quantities are dimensionless: in table I we summarize their experimental values. (1) 1 = 0.038 ± 0.002 TABLE I. Experimental determination of scattering lengths and effective ranges of π-π scattering up to spin one [12, 13] .
II. NUMERICAL EXPLORATIONS
We first ask what is the allowed region in the threedimensional space of scattering lengths {a
It turns out they are all bounded from below [14] . 6 The when we impose the chiral zero condition at s0 = 1/2 and the ρ resonance. The same region is shown in panel (b) by dashed blue lines. The solid blue lines in (b) embraces the allowed region when the three scattering lengths are set to the experimental values within errors. In both panels we denote in red the region where we cannot fix s2 and in green where we can.
boundary of the allowed region is shown in Fig. 1 . It has a smooth tip, a point of highest curvature; we do not know if it corresponds to any physical theory. The black dot represents the QCD experimental values from table I. We see that it is well inside the allowed region. Indeed, we can study the various phase shifts of the extremal solutions along the boundary and realize these do not resemble QCD. This is not surprising because we are not imposing anything yet about the chiral symmetry breaking physics which pions describe.
The lake
To do so, we would like to impose the existence of the two chiral zeros described in (4) . However, these zeros appear in the unphysical region s < 4 and their position cannot be measured experimentally. So our next investigation aims at getting some hints about their position.
We start by fixing one chiral zero s 0 in the singlet channel amplitude T (0) 0 (s) and the vector ρ resonance with mass parameters m ρ (5.5 + 0.5 i). 7 Then we maximize and minimize the symmetric channel amplitude T
(2) 0 (s) for 0 < s < 4 obtaining the blue solid curves in Fig. 2 (a) (here represented s 0 = 1/2). We learn that there are regions where we cannot impose a chiral zero s 2 since the maximum and minimum are both negative there (red segment). Therefore, we can simultaneously impose the weak coupling conditions T (5) which is now excluded. We show the shape of the lake for three different Nmax = 12, 13, 14 (blue to red): convergence is guaranteed by the three curves almost overlapping.
(green segment). Repeating this game for various s 0 allows us to exclude a full region in the (s 0 , s 2 ) plane. This region, depicted in Fig. 3 is what we dub the pion Lake.
Notice that, while the amplitude maximizing T
0 (s) is unique, there can be many amplitudes having the same zero s 2 . On the other hand, the intersection of the upper boundary of the allowed region with the s 2 axis selects a unique amplitude since a zero there coincides with the maximum possible value at that point. This uniqueness of the boundary theories is the same sort of uniqueness found and thoroughly explored in the conformal bootstrap [19] .
Remarkably, the prediction (s 0 , s 2 ) = (1/2, 2) of leading order chiral perturbation theory (5) is clearly excluded. What the lake is telling us is that we need to be considerably far from that weak coupling point to be able to include such a strong coupling phenomena as a resonance. Therefore, we can think that the boundary of the lake corresponds to theories that are as free as possible given that they contain the ρ resonance.
If we were to take the complex ρ mass to be larger and larger (i.e. further away in the Mandelstam plane) the lake (i.e. the excluded region) would become thinner and thinner eventually becoming a line segment passing through the chiral perturbation theory point and very well fitted by our numerics to s 2 − 2 + 4/5(s 0 − 1/2) = 0. Curiously this line of zeros would correspond to a tree level amplitude A(s|t, u) ∝ s − m 2 π α; α = 1 yields (5). It would be interesting to further explore this line segment analytically; it should be related to an interesting line of perturbative field theories.
We next ask whether anything interesting happens along the lake shore for these freest possible theories. In Fig. 4 we follow the scattering lengths around the lake. is huge, far from the pion physics we are interested in).
The points A and B -also in Fig. 3 , correspond to cusps both in the the scattering length orbit and in the lake shape, as opposed to C which is a smooth transition point. It is remarkable that along the shore A-C and, in particular, at the kink A the sign of the scattering lengths match the experimental ones being also close in magnitude to them (see the left-inset in Fig. 4 ).
The peninsula
Motivated by these explorations, we consider a third exploratory game where we now impose the ρ resonance condition plus the scattering length inequalities |a (0) 0 −0.2196| < 0.034 etc given in Table I . These upper and lower bounds for each scattering length are simply 6 additional constraints to add to the many unitarity conditions we have already. We repeat the procedure above of maximizing and minimizing the value of the amplitude in the symmetric channel T Fig. 2(b) . We note that while before we excluded a small segment, now the maximum and minimum conditions exclude all but a tiny region for possible positions s 2 of the second chiral zero since only in a very small segment is the minimum negative and the maximum positive! Scanning over various s 0 we thus construct a full region in the (s 0 , s 2 ) plane which is now mostly excluded. It is represented in Fig. 5 and dubbed as the pion peninsula for obvious reasons. Pion peninsula: we fix the ρ resonance and the inequalities given by the experimental intervals for the three scattering lengths. The colored region is the one allowed by unitarity and different colors correspond to different Nmax from 12 to 20 as we go from blue to red. The dashed contour encloses the pion lake.
It would be very interesting to see how the excluded region (the exterior of the peninsula) shrinks to the lake in the limit when the inequalities imposed on the scattering lengths become looser.
In Fig. 6 we plot the effective ranges b
as we move around the peninsula boundary. Very nicely, we note that at the tip of the peninsula the orbit passes close to their experimental values in Table I . Besides, we observe the emergence of a first zero in S (0) 0 that we identify as the σ resonance. It too approaches its experimental position as we go to the tip of the peninsula.
The kink
By now, we have a few natural candidates for reasonable chiral zeroes' positions. We could take the values along the shore of the pion lake which are closest to experiment; or the sharp kink we observe along that shore; or we could take the tip of the pion peninsula. In this concluding section we fix the chiral zeros to the tip of the peninsula at our largest N max = 20 value as illustrated in Fig. 5 .
With these chiral zeros fixed, we repeated the analysis of the possible allowed values for the three scattering lengths, as in Fig. 1 . We observed that with these extra constraints the resulting space is much more interesting and intricate. We refrain from depicting it here since we first want to make sure that our numerics have properly converged close to all the various kinks and edges which comprise its very rich boundary.
There seem to be, for example, two cusps in this three dimensional space (one corresponding to the free theory and another with scattering lengths roughly twice as large as those measured in nature). The two cusps are connected by a sharp edge where the QCD scattering lengths seems to lie. To illustrate this, we consider in Fig. 7 a two-dimensional section of the allowed space intersecting this sharp edge at fixed a (0) 0 = 0.2196, the expected experimental value for this scattering length. As illustrated in this figure, not only do we have a very sharp kink but its location is extremely close to the experimental values.
Moreover, if we follow other quantities as the effective ranges b
0 or the complex mass m σ of the emerging spin-zero resonance as a function of a (1) 1 , they all show a kink compatible with their experimental values! We even observe the emergence of a zero in S (1) 1 which we would like to identify with the ρ resonance. (As seen in the figure, its real part is actually quite close to the experimental one but its imaginary part is off.) 8 We find it remarkable that the theories lying at the boundary of the allowed space have any resemblance to those in the real world, with resonances emerging dynamically and with various physical parameters extremely close to the values observed in nature. Of course, a more 8 In our setup, the boundary of our S-matrix theory space will typically saturate unitarity. However, at some high energy we have sizeable inelasticities in pion scattering most notably at the KK threshold. As an instructive exploration we imposed -by hand -reasonable inelasticity in the unitarity constraints starting at this threshold and observed that most of the low energy parameters such as the ones plotted here are stable and almost do not change. (Similar games were played in two dimensions in [20] with similar conclusions.) To rigorously take these physical processes into account we would have to scatter K-ons as well and consider multiple pion scattering processes. 
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1 ) plane at fixed s0 = 0.36, s2 = 2.04 and a (0) 0 = 0.2196. All the other panels show the effective ranges and the resonance masses along the same boundary as a function of a quantitative comparison (for the ρ particle life time for instance) would entail a more detailed study of the convergence of all phase shifts, exploration of various chiral zeroes scenarios, etc. 9 We hope to report of these explorations soon.
III. CONCLUSIONS
We started exploring the space of low energy parameters of massive QFT in 3 + 1 dimensions that have a low 9 Notice that the pion S-matrix is far from unique. For starters, our assumptions are common to all QCD-like theories with fixed symmetry breaking pattern in the IR, but different gauge group. Moreover, for each gauge group, there is a continuous family of theories as a function of Λ QCD /mπ. The situation is not dissimilar from the lattice formulation where one needs to fix the gauge group and set the bare masses of the quarks. However, it is still hard for lattice simulations to work with physical pion masses [21] . It would be interesting to use our framework to study the scattering of particles in a regime accessible to the current lattice simulations. energy effective field theory description, focusing in particular on QCD. Inspired by the plethora of experimental and theoretical results, we find that imposing additional conditions as the presence of a resonance or inequalities on the scattering lengths the space of low energy parameters shows a very non-trivial structure with lakes, peninsulas and kinks. For the reader's convenience, here is a telegraphic summary table:
input output nothing imposed absolute bound of scatt. lengths Fig. 1 ρ resonance pion lake exclusion for chiral zeros Fig. 3 scatt. lengths around the lake in Fig Intricate allowed a (I) 3D space as briefly described in the text [22] s0, s2, a It would be very interesting to extend this study to the case of massless pions, i.e. exact Goldstone bosons and to other interesting setups with some symmetry breaking pattern, both in four or lower dimensions. (In two dimensions, the O(N ) bootstrap was recently addressed in [20, 23, 24] where contact with known integrable models was made.) We hope to report on progress in these directions soon.
One of the main outcomes of the discussion contained in this Letter is the constraint on the position of the chi-ral zeros in π-π scattering, obtained in a consistent way using our setup -see Fig. 5 . An obvious next question which we are currently exploring is whether imposing the chiral zeros in the allowed region is enough to select a theory with phase shifts resembling the experimental ones and from which we can extract a resonance spectrum compatible with the physical one.
